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Abstract
Each ﬁxed graph H gives rise to a list H-colouring problem. The complexity of list H-colouring
problems has recently been fully classiﬁed: if H is a bi-arc graph, the problem is polynomial-time
solvable, and otherwise it is NP-complete. The proof of this fact relies on a forbidden substructure
characterization of bi-arc graphs, reminiscent of the theorem of Lekkerkerker and Boland on interval
graphs. In this note we show that in fact the theorem of Lekkerkerker and Boland can be derived from
the characterization.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
We consider graphs without multiple edges, but with loops allowed. A graph without
loops is called irreﬂexive, and a graph in which each vertex has a loop is called reﬂexive.
Note that a bipartite graph is, by deﬁnition, irreﬂexive.
An irreﬂexive graph H is an interval graph if it is the intersection graph of a family
of intervals Iv, v ∈ V (H), that is, two vertices u, v are adjacent if and only if Iu, Iv
intersect.
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There are many characterizations of interval graphs, cf. [1,6]. A classical one due to
Lekkerkerker and Boland [8] characterizes interval graphs by the absence of certain sub-
structures. One of the substructures is a ‘long’ induced cycle, i.e., of length at least four.
Graphs which do not contain an induced cycle of length at least four are known as chordal
graphs, cf. [6]. The other forbidden substructure is so-called asteroidal triple, which is a
triple of vertices such that any two are joined by a path containing neither the third vertex
nor its neighbours.
Theorem 1 (Lekkerkerker and Boland [8]). An irreﬂexive graph is an interval graph if
and only if it contains neither asteroidal triples nor induced cycles of length at least four.
Let H be a ﬁxed graph. The instance of the list H-colouring problem is a graph G, in
which each vertex v has a list (set) L(v) of vertices of H. A solution of the instance is a
mapping f of the vertices of G to the vertices of H, which preserves adjacency, and such
that f (v) ∈ L(v) for all vertices v of G. (The mapping f is called a list H-colouring of
G.) In [4], we have classiﬁed the complexity of list H-colouring problems as follows: if
H is a bi-arc graph (deﬁned below), then the list H-colouring problem is polynomial time
solvable; otherwise it is NP-complete.
Bi-arc graphs are deﬁned as follows [4]: let C be a ﬁxed circle with two chosen points n
and s. A graph H (with loops allowed) is a bi-arc graph if there is a family of ordered pairs
(Nv, Sv), v ∈ V (H) of arcs, called bi-arcs, satisfying the following two properties: for all
u, v ∈ V (H) (possibly u= v),
• Nv contains n but not s and Sv contains s but not n;
• Nu, Sv intersect if and only if Nv, Su intersect; and
• u, v are adjacent if and only if Nu, Sv are disjoint.
The class of bi-arc graphs contains all bipartite graphs whose complements are circular
arc graphs, i.e., intersection graphs of circular arcs on a circle, cf. [3,4].
Bi-arc graphs also generalize interval graphs in the following way. Suppose that H is an
irreﬂexive graph and Ho is the reﬂexive graph obtained from H by adding a loop at each
vertex of H. Then we have the following fact.
Proposition 2 (Feder et al. [4]). A graph H is an interval graph if and only ifHo is a bi-arc
graph.
Given a graph H possibly containing loops, we can transform H into the bipartite graph
H ∗ having vertex set {nv, sv : v ∈ V (H)} and edge set {nusv, nvsu : uv ∈ E(H)}. We
call H ∗ the associated bipartite graph of H. Whenever convenient, we will simplify the
notation and write v for nv and v′ for sv . Note that if v is a vertex with a loop in H, we have
the edge nvsv (or vv′) in H ∗.
It follows from deﬁnition that a representation of H by bi-arcs is a representation of the
complement of H ∗ by circular arcs. Conversely, if the complement of H ∗ is represented
by a family of circular arcs, then it is possible to use the technique of [10] (cf. also [7]) to
transform the family into a bi-arc representation ofH. HenceH is a bi-arc graph if and only
if the complement of H ∗ is a circular arc graph.
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In [3,4], we applied results of Trotter and Moore [11] to obtain a characterization of
bi-arc graphs akin to that of Lekkerkerker–Boland for interval graphs (i.e., Theorem 1). To
describe our characterization we need the following deﬁnition.
Let H be a bipartite graph. An edge-asteroid of order 2k + 1 (k1) in H is a set of
2k + 1 edges x0y0, x1y1, . . . , x2ky2k such that, for each i = 0, 1, . . . , 2k, there is a path
Pi joining {xi, yi} and {xi+1, yi+1} (i.e., with the ﬁrst vertex being in {xi, yi} and the last
in {xi+1, yi+1}), such that V (Pi) ∪ {xi, yi, xi+1, yi+1} does not contain any neighbours of
xi+k+1 or yi+k+1. (Subscripts are modulo 2k + 1.)
Theorem 3 (Feder et al. [3,4]). A graph H is a bi-arc graph if and only if H ∗ contains
neither edge-asteroids nor induced cycles of length at least six.
The similarity of the two theorems is striking. In this note we shall explain the similarity
by showing that Theorem 3 in fact implies Theorem 1. In other words, Theorem 3 turns out
to be a generalization of Theorem 1.
2. The proof
From now on we shall focus on irreﬂexive graphs, unless explicitly stated otherwise. In
[5], Gallai deﬁned vertex-asteroids. A vertex-asteroid of order 2k + 1 (k1) in H is a set
of 2k + 1 vertices v0, v1, . . . , v2k such that for each i = 0, 1, . . . , 2k, there is a path Pi
joining vi and vi+1 which does not contain vi+k+1 or any of its neighbours. (Subscripts are
modulo 2k + 1.) A vertex-asteroid of order three is an asteroidal triple. Gallai [5] proved
that a graph is a comparability graph (i.e., admits a transitive orientation) if and only if its
complement contains no vertex-asteroids.
As above, we use Ho to denote the reﬂexive graph obtained from H by adding a loop at
each vertex of H and let H ∗o denote the associated bipartite graph of Ho.
Proposition 4. If H contains an induced cycle of length at least four, thenH ∗o contains an
induced cycle of length at least six; if H contains a vertex-asteroid, then H ∗o contains an
edge-asteroid.
Proof. IfH contains a vertex-asteroid of order 2k+1 (k1) consisting ofu1, u2, . . . , u2k+1,
then it is easy to see that u1u′1, u2u′2, . . . , u2k+1u′2k+1 form an edge-asteroid in H ∗o .
Suppose that v1, v2, . . . , vk, v1 (k4) is an induced cycle of H. When k is even, v1, v′1,
v2, v
′
3, v3, v
′
4, . . . , v
′
k, v1 is an induced cycle of length at least six in H ∗o ; when k is odd,
v1, v
′
1, v2, v
′
3, v4, . . . , vk−1, v′k, v1 is an induced cycle of length at least six in H ∗o . 
Proposition 5. If H ∗o contains an induced cycle of length at least six or an edge-asteroid,
then H contains an induced cycle of length at least four or a vertex-asteroid.
Proof. Suppose that C : u0, u′1, u2, u′3, . . . , u2k−2, u′2k−1, u0 (k3) is an induced cycle
in H ∗o . Assume that subscript additions and subtractions are modulo 2k. Let S denote the
subgraph of H induced by the vertices u0, u1, . . . , u2k−1. We shall show that S contains an
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induced cycle of length at least four or an asteroidal triple. It is possible that ui = ui+1 in
H for some i = 0, 1, . . . , 2k− 1. But if ui = ui+1 in H then ui+1 = ui+2 and ui+2 = ui+3,
as otherwise ui would be adjacent to ui+3 in H ∗o , a contradiction to that C is an induced
cycle. It is also possible that some two vertices ui, uj with |i − j | = 1 are adjacent in H.
However, it can only occurs when i and j have the same parity, and in particular, if ui=ui+1
in H then ui is adjacent to ui+2 in H.
Suppose that there exists a quadruple ui, uj , ur , us which appear in the cyclic ordering
of the vertices of C, such that i and j are of the same parity and r and s are of the same parity
but different from that of i (or j), and ui and uj are adjacent and ur and us are adjacent. We
choose such a quadruple with minimum |i− s| + |j − r|. Then S contains an induced cycle
of length at least four induced by ui, uj , uj+1, . . . , ur , us, us+1, . . . , ui .
If ui is adjacent only to ui−1 and ui+1 in H for each i = 0, 1, . . . , 2k − 1, then S is the
cycle u0, u1, . . . , u2k−1, u0. So assume that ui is adjacent to uj with |i − j | = 1. Without
loss of generality assume that i and j are even. We claim that either ui is adjacent to both
ui−2 and ui+2 or S contains an induced cycle of length at least four. Indeed, let ut be the
unique vertex adjacent to ui so that t ∈ {i + 2, . . . , j} and |t − i| is minimum. Then either
t = i + 2 or S contains an induced cycle of length at least four induced by ui, ui+1, . . . , ut .
A similar argument shows that either ui is adjacent to ui−2 or S contains an induced cycle
of length at least four.
Therefore we may assume that ui is adjacent to ui+2 for all even i. It follows from above
that no two vertices with odd subscripts are adjacent. Hence it is easy to see now that S
contains an asteroidal triple consisting of three vertices with odd subscripts.
Suppose that H ∗o contains an edge-asteroid formed by x0y′0, x1y′1, . . . , x2ky′2k . Let Pi
(0 i2k) be a path of H ∗o joining {xi, y′i} and {xi+1, y′i+1} such that V (Pi) ∪ {xi, y′i ,
xi+1, y′i+1} contains no neighbours of xi+k+1 or y′i+k+1. Assume that each Pi is a short-
est path joining {xi, y′i} and {xi+1, y′i+1} in the subgraph of H ∗o induced by V (Pi) ∪{xi, y′i , xi+1, y′i+1}. Thus Pi is an induced path and contains exactly one vertex of xi, y′i and
exactly one vertex of xi+1, y′i+1. We show that H contains either an induced cycle of length
at least four or a vertex-asteroid consisting of v0, v1, . . . , v2k where vi ∈ {xi, yi} for each
i = 0, 1, . . . , 2k.
Let Si denote the set of all vertices v in H such that, in H ∗o , either v or v′ (or both)
are in V (Pi) ∪ {xi, yi, xi+1, yi+1}. Then Si does not contain xi+k+1 or yi+k+1, and if
xi+k+1 = yi+k+1, then it is easy to see that Si also does not contain any neighbours of
xi+k+1. Suppose that xi+k+1 = yi+k+1 (in H) and that Si contains a neighbour of xi+k+1
and a neighbour of yi+k+1.We claim thatHmust contain an induced cycle of length at least
four.
Note that (inH ∗o ) Pi contains exactly one of xi, y′i and exactly one of xi+1, y′i+1. Extend
the path Pi to the path Qi that includes all four vertices {xi, y′i , xi+1, y′i+1} by appending
the other two vertices to Pi , one at the beginning and the other at the end. This is possible
because both xiy′i and xi+1y′i+1 are edges ofH ∗o . The resulting pathQi may not be induced,
i.e. it could have a chord. The choice of Pi implies that if Qi has a chord then the length
of Qi is three and the only chord is the edge joining the two ends of Qi . Let the resulting
path Qi be . . . , uj , u′j+1, uj+2, u′j+3, . . .. Since Qi contains none of the neighbours of
xi+k+1 and y′i+k+1 in H ∗o , and Si contains both a neighbour of xi+k+1 and a neighbour of
yi+k+1 in H, there must be two vertices ua, u′b in Qi such that both uax′i+k+1, u′byi+k+1
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are edges of H ∗o . Choose the subscripts a and b so that |a − b| is minimum, and as-
sume without loss of generality that a <b. If the path ua, u′a+1, . . . , u′b has no chord, then
xi+k+1, x′i+k+1, ua, u′a+1, . . . , u′b, xb, y′i+k+1, xi+k+1 is an induced cycle of length at least
six inH ∗o . Hence, by Proposition 4, H contains an induced cycle of length at least four or a
vertex-asteroid. Thus we may suppose that the path has a chord. Then we know from above
that Qi is of length three with a = 1, b = 4, and the only chord is u1u′4. We must have
u1=u2 and u3=u4 inH. However, since u1x′i+k+1 is an edge ofH ∗o , u′1xi+k+1=u′2xi+k+1
is an edge ofH ∗o . Thus the path Pi : u′2, u3 contains a neighbour of xi+k+1y′i+k+1, contrary
to our assumption.
Therefore, for each i = 0, 1, 2, . . . , 2k, there exists in H a vertex wi+k+1 ∈ {xi+k+1,
yi+k+1} such that no vertex ofN(wi+k+1)∪{wi+k+1} is in Si . Each Si induces a connected
subgraph of H containing wi and wi+1, thus there is a path joining wi and wi+1 containing
no vertex in N(wi+k+1) ∪ {wi+k+1}. Therefore w0, w1, . . . , w2k form a vertex-asteroid
in H. 
What we have proved up to now is that Theorem 3 implies the following weaker version
of Theorem 1: a graph is an interval graph if and only if it contains neither vertex-asteroids
nor induced cycles of length at least four. The last step is to notice that it sufﬁces to forbid
asteroidal triples and induced cycles of length at least four. This will follow from the
following fact.
Proposition 6. If H contains a vertex-asteroid, then H contains an asteroidal triple or an
induced cycle of length at least four.
This fact seems to be well known (and in fact, the conclusion can be strengthened to
having an induced cycle of length exactly four); yet the only explicit mention of it we could
ﬁnd is in the paper of Gallai [5]. According to the English translation of this paper in [9],
see p. 34, Gallai did not offer a direct proof; the fact followed from the full power of his
long paper, some ﬁfteen pages later. Thus, for the sake of completeness, we include a direct
proof.
Proof. Assume that the statement is not true. Let H be a minimum counterexample. That
is, H contains a vertex-asteroid but neither asteroidal triples nor induced cycles of length at
least four. The minimality of H ensures that each proper induced subgraph of H contains
no vertex-asteroids; it also does not contain induced cycles of length at least four. Hence
every proper induced subgraph of H is an interval graph.
Let v0, v1, . . . , v2k , together with paths P0, P1, . . . , P2k (k2), be a vertex-asteroid
contained inH. SinceH contains no induced cycles of length at least four,H has a simplicial
vertexw, cf. [2]. Thenw=vj for some j=0, 1, . . . , 2k, as otherwise v0, v1, . . . , v2k would
still form a vertex-asteroid in H − w, contradicting the minimality of H. Without loss of
generality, assume w = v0.
Let {I (x) : x ∈ V (H − v0)} be an interval representation of H − v0. For each interval
I (not necessarily in the representation), we use l(I ) and r(I ) to denote, respectively, the
left-end and right-end of I. We say interval I precedes interval J when r(I )< l(J ). If I
precedes J and J precedes K, then we say that J is between I and K.
118 P. Hell, J. Huang / Discrete Mathematics 299 (2005) 113–119
Let J0 =∩{I (x) : x ∈ N(v0)}. Since v0 is a simplicial vertex, J0 is not empty. We claim
that J0 is disjoint from both I (vk) and I (vk+1) and is actually between the two intervals in
the representation.
Since v1vk+1 /∈E(H), I (v1) ∩ I (vk+1) = ∅. Assume that I (vk+1) precedes I (v1). (A
similar discussion applies when I (v1) precedes I (vk+1).) Consider the path P0. It contains
some neighbour y of v0 that is not a neighbour of vk+1. Since I (vk+1) precedes I (v1),
I (vk+1) precedes I (y) also. Since Pk+1 does not contain any neighbour of v1, I (vk+2)
must precede I (v1). Since P1 does not contain any neighbours of vk+2, I (vk+2) must
precede I (v2). Continuing this, we see that I (v2k) must precedes I (vk). Now consider the
P2k . It contains some neighbour z of v0, which is not a neighbour of vk . So I (z)must precede
I (vk). Since I (y) and I (z) intersect, I (y) ∩ I (z) contains J0. Hence I (vk+1) precedes J0
which precedes I (vk). This implies I (vk+1) ∩ I (vk)= ∅, i.e., vk+1vk /∈E(H).
We now show that H contains an asteroidal triple, which contradicts the assumption.
Note that v0, vk, vk+1 are pairwise non-adjacent. If v0, vk, vk+1 form an asteroidal triple in
H, then we are done. So by symmetry assume that there is no path joining v0 and vk that
avoids the neighbours of vk+1. This means that v0 and vk are in two different components of
G−N(vk+1). So there is a point q with r(J0)< q < l(I (vk)) which is not contained in any
intervals in the representation, except possibly those corresponding to the neighbours of
vk+1. In otherwords, any interval in the representation that contains q corresponding to some
neighbour of vk+1. Since P0 is a path joining v0 and v1 containing no vertex in N(vk+1) ∪
{vk+1}, each interval I (x) with x ∈ V (P0) satisﬁes r(I (vk+1))< l(I (x))r(I (x))< q. In
particular, I (v1) is between I (vk+1) and the point q.
We claim that there no path joining vk+1 and v0, which avoids the neighbours of v1.
Suppose to the contrary that such a path exists. Then v1 is not a neighbour of v0. Since
I (v1) is between I (vk+1) and q, I (v1) intersect with some interval corresponding to a
vertex in Pk and hence v1 is adjacent to a vertex in Pk . Since Pk is a path contain-
ing no vertex in N(v0) ∪ {v0}, there exists a path joining vk+1 and v1, which does not
contain any vertex in N(v0) ∪ {v0}. Therefore v0, v1, vk+1 form an asteroidal triple, a
contradiction.
Since there is no path joining vk+1 and v0, which avoids the neighbours of v1, vk+1
and v0 are in two different component of G − N(v1). Thus there is a point p with
r(I (vk+1))<p< l(I (v1)) such that any interval in the representation containing p cor-
responds to some neighbour of v1. Consider the path Pk+1 which connects vk+1 and vk+2.
Since it contains no neighbours of v1, the right end of each interval corresponding to a
vertex in Pk+1 must be less than p. In particular, r(I (vk+2))<p. Since there is no path
joining vk+1 and v0 avoiding the neighbours of v1, there cannot be a path joining vk+2 and
v0 avoiding the neighbours of v1. So there is a point p′ with r(I (vk+2))<p′< l(I (v1))
such that every interval in the representation containing p′ corresponds to a neighbour
of v1. We may assume that p′p. The path P1 connects v1 and v2 and contains no
neighbours of vk+2. Thus the left-end of each interval corresponding to a vertex in P1
is greater than p′. In particular, l(I (v2))<p′. So the path P1 does not contain any neigh-
bour of vk+1. If there is a path joining vk+2 and v0, which avoids the neighbours of v2,then
v0, v2, vk+2 form an asteroidal triple. So no such a path exists. Hence there is a pointp′′ with
r(I (vk+2))<p′′< l(v2) such that every interval containing p′′ corresponds to a neighbour
of v2.
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Consider now the path Pk+2, which connects vk+2 and vk+3 and avoids any vertex in
N(v2) ∪ {v2}. Thus every interval I (x) with x ∈ V (Pk+2) satisﬁes r(I (x))<p′′ and in
particular, r(I (vk+3))<p′′. Since there is no path joining vk+2 and v0, which avoids the
neighbours of v2, there is no path joining vk+3 and v0 that avoids any vertex inN(v2)∪{v2}.
We will next consider the path P2, followed by the paths in the order Pk+3, P3, Pk+4, . . .
. In this way, we will either obtain a contradiction already, or arrive in the situation that
there is a path (e.g., P2k) which connects v2k and v0 and avoids any vertex in N(vk)∪ {vk}.
Therefore, v0, vk, vk+1 form an asteroidal triple, which is again a contradiction. 
Theorem 1 follows from Theorem 3 and Propositions 2, 4, 5 and 6.
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